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Eigenvalue Asymptotics for a Schrodinger Operator with 
Non-Constant Magnetic Field Along One Direction 

Pablo Miranda 

Abstract. We consider the discrete spectrum of the two-dimensional Hamiltonian H = Hq + V, 
where Hq is a Schrodinger operator with a non-constant magnetic field B that depends only on one 
of the spatial variables, and V is an electric potential that decays at infinity. We study the accumu¬ 
lation rate of the eigenvalues of H in the gaps of its essential spectrum. First, under certain general 
conditions on B and V, we introduce effective Hamiltonians that govern the main asymptotic term of 
the eigenvalue counting function. Further, we use the effective Hamiltonians to find the asymptotic 
behavior of the eigenvalues in the case where the potential V is a power-like decaying function and in 
the case where it is a compactly supported function, showing a semiclassical behavior of the eigenvalues 
in the first case and a non-semiclassical behavior in the second one. We also provide a criterion for the 
finiteness of the number of eigenvalues in the gaps of the essential spectrum of H. 
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1 Introduction 


Let M 2 9 ( x , y) i —> B(x ) € M+ be a bounded magnetic field and define the Schrodinger operator 



( 1 . 1 ) 


where the second component of the magnetic vector potential M 2 9 ( x,y ) e9 (0 ,b(x)) € M 2 is 
given by 



Let V : K 2 -9 [0, oo) an electric potential that decays at infinity. Set H = Hq + V. It is known 
that the essential spectrum of H , denoted by a ess (H), satisfies 



jeN 


with £± € [0, oo). Suppose that there exists a finite gap in the essential spectrum of H, which 
in our context will be equivalent to 



■j ■ pj+n 


(1.4) 


for some j > 1 (see Section [2]). Then, it is possible to define 



(1.5) 
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where l w (-) is the characteristic function of the set uj. The function A/} counts the number 
of eigenvalues of H on the interval (£+ + A ,£j +l ). Our purpose in this article is to describe 
the asymptotic behavior of A/} (A) as A goes to zero, for some types of non-constant magnetic 
fields B and electric potentials V. 

The asymptotic behavior of the function A/} has been systematically studied in the case of 
a magnetic field B equal to a constant (see [29], [18] , [30], [ 22 ] , [12], [ 27 ] , [32]). For this model 
exists a rather complete understanding of the behavior of A/}, according to the decaying regime 
at infinity of the function V. This includes power-like, exponential and compactly supported 
regimes. An extension of these results was to consider the eigenvalue counting function for 
Schrodinger operators with asymptotically constant magnetic field and decaying electric po¬ 
tential (see EE EE EH, and for related problems see [28], [25]). Other natural extensions 
are the Schrodinger operators with unidirectionally constant magnetic field presented here. 
This last model was first considered by A. Iwatsuka (with V = 0) in order to give examples 
of magnetic Schrodinger operators with purely absolutely continuous spectrum ee The one 
particle system determined by this Hamiltonian presents some interesting transport and spec¬ 
tral properties which have been studied in the mathematical literature (see eeeeeeee 
0, m, EE EE, as well as in the physics literature (see e.g. [23], 0, [IE EE EE 0). 

For the “Iwatsuka Hamiltonian”, the problem of the asymptotic behavior of a counting 
function of the form m was already studied in [9]. In that article were considered the 
eigenvalues below the bottom of the essential spectrum of H, when the magnetic field B(x ) 
is a step function that changes sign at zero. This problem was also addressed in [35], for 
a magnetic field with similar characteristics to the one that we will study here (see (|2.1D ). 
We note that in [9] the first band function of Hq (see section [2]) has a global minimum at a 
finite point of M, while for the model in [35] , as well as for the model in this article, the band 
functions have its extremal point at infinity (for us is relevant the supremum). This divergence 
implies that the analysis of the counting function in our cases is quite different and slightly 
more difficult than that in [9]. We also note that the condition required in [35] to obtain 
the mentioned property on the supremun of the band functions, is that the function B{x ) is 
monotone. In this article we relax somewhat this condition asking only global monotonicity 
to B (see ra¬ 
in [35] the behavior of A fj was obtained for potentials V that decay at infinity as (x 2 +y 2 ) m / 2 
(see (|2.16jh (12.181) below), supposing that 0 < m < 1. In Corollary 12.41 we will present a result 
similar to the semiclassical one given in [ 35] . which completes the description of the first 
asymptotic term of A/)- for power-like decaying potentials, that is we consider the case m > 1. 
Furthermore, in Theorem 12.11 we give an effective Hamiltonian which permit us to deal with 
other types of decaying regimes of V. Namely, in Corollary 12.21 we give a sufficient condition 
that guarantees the finiteness of the number of eigenvalues of H in each gap of cr ess (H). This 
is a geometric condition that depends on the set where B reach its supremum and the support 
of V. 

When the condition of Corollary 12.21 does not hold, we can see that A fj is generically un¬ 
bounded in each gap of a ess (H), as follows incidentally from Corollary 12.31 where we give 
asymptotic bounds for A/} if V is of compact support. Contrary to Corollary 12.41 the be¬ 
havior of A/} is not semiclassical in this situation, since a semiclassical formula would imply 
the finiteness of the number of eigenvalues. For compact supported potentials V, a different 
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non-semiclassical asymptotic behavior of the eigenvalue counting function was obtained in 
m, m, in the constant magnetic held case. In that context the main asymptotic term is 
(In | In A|) —1 1 lnA| which goes to infinity faster than the one presented here, | In A) 1 / 2 , implying 
that the accumulation of the eigenvalues is stronger in our case. Similar results to our was pre¬ 
viously obtained in m, 0 , for other magnetic Hamiltonians with compact supported electric 
potentials (see Remark after Theorem EH- 

For non-positive potentials V we could define the functions 

yr(A) JEN. 

Although we will present our results only for A/}, j € N, they are still valid, with obvious mod¬ 
ifications, for A f~, j € Z + := {0,1, 2,...}. We omit these in order to simplify the presentation. 
Finally, for the case of V without definite sign we can say: If V is power-like decaying, a refine¬ 
ment of the analysis used here to obtain the effective Hamiltonian of Theorem 12.11 should lead 
to the same type of semiclassical results of Corollary 12.41 for this kind of potentials. Otherwise, 
if V has compact support, the situation is considerably more delicate and we do not have clear 
ideas of how to obtain precise results in this context. This is, to some extent, true even if the 
magnetic held is constant, where a description of the eigenvalue counting function has been 
obtained only for some particular classes of non-sign definite compact electric potentials (see 

ES|, |321). 

2 Main Results 

2.1 Effective Hamiltonian 

To introduce the effective Hamiltonians that govern the main asymptotic term of A/}, we need 
to state more specific conditions on the magnetic held B and then recall some well-known 
properties of the unperturbed operator Hq. 

Throughout this article we will assume the following: 

a) Be L°°(R). 

b) < B(x ) < B + a.e., for some positive constants B + > H_. (2.1) 

c) lim-r^oo B (x) = B + , and lim sup^.^ B(x) < B + . 

Under condition (12.11) the operator defined by (11.11) is essentially self-adjoint on Co°(M 2 ) 
and its spectrum, denoted by cr(Ho), is purely absolutely continuous [12], [20]. Note that the 
potential b defined by (11.21) is an absolutely continuous strictly increasing function such that 

B_\x\ < \b(x)\ < B + \x\. (2.2) 

Let J- be the partial Fourier transform 

(Tu)(x,k) = 1 f e~ zky u(x,y)dy, for u € C^M 2 ). 

(27t) 1 /^ J r 

Then 

FHoB* = / h(k) dk, (2.3) 

Jr 
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(2.4) 


where h(k) is a self-adjoint operator acting in L 2 (M), defined by 


d 2 

h(k ) = 7 + (b(x) — k) 2 , k € R. 

aar 

For any k € M the spectrum of the operator h(k ) is discrete and simple. We denote the 
increasing sequence of eigenvalues by {Ej(k)}JL 1 . For any j € N the band function Ej(-) is 
analytic as a function of k € M[m, no]. 

Set fb := inffc g R Ej(k); £+ := sup fceR Ej (k) , then 


<7 


(#o) = U E J 

3 = 1 


UlTA 

J =1 


(2.5) 


Condition (12.11) b) implies that B—(2j — 1) < Ej(k) < B + (2j — 1) for all k E M, and (12.11) c) 
implies that limfc _ >00 Ej{k) = F?_|_(2j — 1) = £+, for all j E N (see DSD- 
Now we need some definitions. Put 


<Pj( x ) '■= 


Hj_i(a:)e _3;2 / 2 
(- v /7r2J _1 (j — l)!) 1 / 2 


x € 


J €N, 


( 2 . 6 ) 


where 


»«<*>:= 


x € 


g€Z 


+ » 


are the Hermite polynomials (see e.g. [U Chapter I, Eqs. (8.5), (8.7)]). Then the real-valued 
function ipj satisfies 


-ip"(x) + x 2 ipj(x) = (2 j - 1 )<pj(x), ||<pj 


= 1 . 


For (x, £) € K 2 define the function 

*y, X £(k) = B+ 1/i e- i K<p j (Bl /2 x-Bl / h- 1 (k)), j€ N, feel. (2.7) 

The system ^ eK2 is overcomplete with respect to the measure (see [H 

Subsection 5.2.3] for the definition of an overcomplete system with respect to a given measure). 
Introduce the orthogonal projection 


acting in T 2 (M), and the pseudo-differential operator Vj : L‘ 
integral 


L‘ 


Vj := ^ / V(x,^)Vj. x ^dxd^, 

./td2 


defined as the weak 

( 2 . 8 ) 


i.e. Vj is an operator with contravariant symbol V. 

As already mentioned, for the potential V we will assume the following: 

a) 0 < V e L°°(R 2 ). 

b) lim a . 2 +J/ 2^. 00 V (x, y) = 0 . 


(2.9) 


The diamagnetic inequality and Weyl’s theorem imply that a ess (H ) = a ess (Ho ) = a (Ho), then 
(11.31) holds true. Conditions (12.91) also imply that Vj is a non-negative and compact operator. 
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Theorem 2.1. Assume that for some j £ N, m is true. Assume also that B satisfies ()2.1I) . 
and V satisfies m- Consider the band function Ej as a multiplication operator in L 2 (M). 
Then for each 5 £ (0,1) 

< AffiX) < (2.10) 

^\ef + x,oo)( E j + (! + S)Vj) + O s (l), A | 0. 

Remark: Similar results to Theorem O appear in [3] and [4] . In [3] the discrete spectrum 
of operators of the form H\ = l^Haii + F, is described, where 

Ef}{all — -^Landau T ^V(x), 

-^Landau being the two dimensional Schrodinger operator with constant magnetic held, and W 
being a monotonic function depending only on the first variable x. In the same way, in [4] the 
operator H 2 = HHalf-Plane + V is considered, where Hp a if_pi ane is the Schrodinger operator 
with constant magnetic held dehned for a half-plane, with a Dirichlet boundary condition 
along the edge. In both articles an eigenvalue counting function similar to (11.511 is studied. 
The effective Hamiltonians obtained in those articles are particular cases of the one given by 
Theorem 12.11 when b~ 1 (k ) = Bf}k in (12.71) . All these three models share the particularity that 
the unperturbed operators i^Haiii ^Landau and Hq admit a direct integral decomposition with 
hbred operators that converge to shifted harmonic oscillators as k —>• 00 . However, despite this 
similarity, the proof of l 2 .ll requires the use of some new ideas and presents technical difficulties 
that do not appear in [3j or [lj. 

2.2 Asymptotic behavior of A/}(A): Finite number of eigenvalues 

In Corollaries 12.21 12.31 we will see that the finiteness or the infiniteness of the number of 
eigenvalues of H in the gaps of a ess (H), depend on a relation between the support of V and 
the number 

x+ := inf{x € M; B(t) = B + for almost all t in(x,oo)}. (2-11) 

Note that it is possible to have x + = 00 . 

Corollary 2.2. Suppose that (11.41) is true, and that B satisfies m- Assume also that V 
satisfies (12.9|) and || V(x, y) rfy||z,oo(M) < 00 . Then, if 

x + > sup { 2 ; £ M; for some y £ M, (x, y) € esssuppV} , (2-12) 

we have that 

AffiX) = 0(1), A | 0 . (2.13) 

2.3 Asymptotic behavior of Afj (A): Infinite number of eigenvalues for V of 
compact support 

Let H C I 2 be a bounded domain. Denote by c_(D) the maximal length of the vertical 
segments contained in fb Further, let Bp((x,y)) C l 2 be a disk of radius R > 0 centered at 
(x, y ) € M 2 . For a £ M, set 

K(kl, a) := {(£,R) € M x M + ; there exists rj £ M such that D C -Br((£ + a , r/))} , 
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and 


c + (f La) := inf Rx ( ) , 

( 5 ,-R)eA'(n,a) \eR J 

where £ + := max{£,0}, and x(s) := |{f > 0; t lnt < s}|, for s £ [0,oo). Here | • | denotes the 
Lebesgue measure in R. 

Also define 

H := {( x,y ) € > x + }. 

Corollary 2.3. Assume that in holds true, and that B is a function satisfying m- Fur¬ 
ther assume that 


c~H-n_(x,y) < V(x,y) < c + l n+ (x,y), (x,y) £ R 2 , (2.14) 

where C R 2 are bounded domains with Lipschitz boundaries, and 0 < c_ < c+ < oo. Then, 

if 

x + < sup {x £ R; for some y € R, (x, y) £ , 

the following asymptotic bounds 

C_|lnA| 1/2 (l+ o(l)) < A/}(A) <C+|lnA| 1/2 (l + o(l)), A f 0, (2.15) 

hold true with C- := (27r) -1 \/&c_(fi_) and := e\/bc + (yi + , x + ). 

Remark: The constants C± already appeared in where it is shown that C_ < C+. 

2.4 Asymptotic behavior of A/}(A): Infinite number of eigenvalues for power¬ 
like decaying V 

Now we will consider potentials V whose support is not compact. First we will assume that 
there exists a positive number m such that, for any pair (a, (3) £ there exists a positive 
constant C a: p, such that 

\d%d?V(x,£)\ <C a ^(x,O~ m - a - 0 for all (x, £) € R 2 , (2.16) 

where (x, £) = (1 + x 2 + f 2 ) 1 / 2 . 

Moreover, let s £ R and define the volume function 

N(X,V,s ) := — vol{(x,£) £ R 2 ; V(x, £) > A ,x>s}, (2-17) 

27T 

where vol denotes the Lebesgue measure in R 2 . We will assume that for some so £ R and 
positive constants C and Ao 

N( A, V, s 0 ) > CX~ 2/m , 0 < A < A 0 . (2.18) 

We say that a decreasing function / : R + —> R + satisfies the homogeneity condition if 

limlimsup X 2 ^ m (/(A(1 — e)) — /(A(l + e))) = 0. (2-19) 

4° AJ.0 
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Corollary 2.4. Assume that (|1.4I) is true. Also suppose that B is a smooth function with all 
its derivatives bounded and for some M > m 

B + - B{x) = 0((x)~ M ), x —y oo. (2.20) 

IfV satisfies (|2.16p with m> 1, and for so G M, N(A,V,so) satisfies (12.18[) and (I2.19|) . then 
we have the following asymptotic formula 

Afj(A) = B + N(A,V,s 0 )(l + o(l)), A f 0. ( 2 . 21 ) 

Remarks: i) The smoothness condition on B is not essential. For instance, an easy modifi¬ 
cation of the arguments permits to prove Corollary 12.41 just assuming (12.11) and x + < oo. 

ii) Condition (12.161) implies that if N(A, V, so) satisfies (|2.19l) for some s o G K, then N( A, V, s ) 
satisfies (12.191) as well, for any s € M. Moreover, if N( A, V, so) satisfies (12.181) then the asymp¬ 
totic formula ( 12 . 21 [) is true for any s£l, since 

lim N(A,V,s) 1 

A 4.0 N(A, V, so) 

iii) Results of the same type of (12.21[) were obtained in [35], for non necessarily sign-definite 
potentials V, were the number m in (12.161) is assumed to be 0 < m < 1, and the function B 
monotone. 

iv) As already mentioned in the Remark after Theorem 12.11 in [3], [4J the eigenvalue counting 
function for magnetic Schrodinger operators similar to those considered here, was studied. In 
0, 0, the asymptotic behavior of these counting functions was described only for compactly 
supported potentials V, as in Corollary 12.21 and a slightly weaker version of Corollary 12.31 was 
given. Since the effective Hamiltonians obtained in 0,0 are examples of the one in Theorem 
I2T1 the conclusions of Corollary 12.41 are valid as well for the counting functions of the models 
considered in the articles 0 , 0 - 

3 Proof of the results 

3.1 Proof of Theorem 12.11 

Before we begin the proof, let us set some notation and auxiliary results that we will use 
throughout the text. Let r > 0 and T = T* be a linear compact operator acting in a given 
Hilbert spacd3- Set 

n±(r;T) := Tr l (r , ; 0 o) (±T); 

thus the functions n±(-;T) are respectively the counting functions of the positive and negative 
eigenvalues of the operator T. If T is compact but not necessarily self-adjoint (in particular, 
T could act between two different Hilbert spaces), we will use also the notation 

n*(r;T) -^n+ir 2 -,^), r > 0; 

thus n*(-;T) is the counting function of the singular values of T. Evidently, 

n*(r-,T) =n*(r-,T*), n + {r-T*T) = n+{r-TT*), r > 0. 

1 All Hilbert spaces in this article are supposed to be separable. 
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Let us recall also the well-known Weyl inequalities 


re + (n + r 2 ;Ti +T 2 ) < n + (n;Ti) + n+(r 2 ;T 2 ) (3.1) 

where rj > 0 and Tj, j = 1,2, are linear self-adjoint compact operators (see e.g. [21 Theorem 
9.2.9]), as well as the Ky Fan inequalities 


n*(ri+r 2 ;Ti+ T 2 ) < n*(ri;Ti)+ n*(r 2 ;T 2 ), n,r 2 >0, (3.2) 

for compact but not necessarily self-adjoint Tj, j = 1,2, (see e.g. |2j Subsection 11.1.3]). 
Further, let S p , p € [l,oo), be the Schatten - von Neumann class of compact operators, 
equipped with the norm 

/ roo \ i/p 

mi p--=[-J o rV dn*(r; T)J . 

Then the Chebyshev-type estimate 

n*(r;T)<r-P||T||^ (3.3) 

holds true for any r > 0 and p € [ 1 , oo). 

We start the proof by using the Birman-Schwinger principle, which give us 

JS j (\) = n-(l-,V 1 / 2 (H 0 -e+-\)- 1 V 1 ' 2 ) + O(l), A1 0 . (3.4) 

To analyze the right hand side of ()3.4I) it is necessary to obtain further information of the 
operator Hq. 

First, note that from (|2.3D 


/*© 

(H 0 - £f - A)" 1 =T* ( h(k) - £+ - A)" 1 dk T. (3.5) 

Jr j 

If 7 Tj(k) is the orthogonal projection of h(k) corresponding to the eigenvalue Ej(k), for A > 0 
and A £ [— 00 , 00 ) set 

/*® 

Tj(X,A) := T* / (£+ - Ej(k) + X)~ 1 TT j (k) dkT. 

J (A, 00) 

Let l € N, then the band function £)(•) has the following property: 

Suppose that l < j, then for all k £ R 


Ei(k) < B+(2l - 1) < B + (2j - 1) = £+. 

Also, (12.51) and (11.41) imply that for all l > j 

Ei(k ) > £f > £~ +1 > £+, 

for all k £ M. Then, there exists a positive constant k such that for all l 7 ^ j and k £ 

\E l (k)-£+\> k. 

Inequality (13.61) implies that, if / is the identity operator in L 2 (R), the limit 

MHk) - £+ - A) _1 (J - 7ij-(fc)) 

A 4 -U 


(3.6) 

(3.7) 


exists in the norm operator topology. 

For l = j we have the following result. 
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Lemma 3.1. Let j € N, then Ej(k) < £j~ for all k € R. Moreover, for any A € R there exists 
a > 0 such that £~ — Ej(k ) > a, for all k < A. 

Proof. First let us prove that for any k real, £f — Ej(k ) > 0. Let B\ and B 2 be two functions 
satisfying condition (12. ip . and let 61, b 2 be the corresponding magnetic potentials as chosen in 
m- Note that 

px 

b s (x) — k = / B s (t)dt, s = 1,2. 

Jb7\k) 

Then it is easy to see that if B\(x) < B 2 (x) a.e. in R, 

(bi(x) - k ) 2 < (b 2 (x) - b 2 {bf 1 (k))) 2 , (3.8) 

for all k, and all x in R. For 61,62, let h{k,b\), h(k,b 2 ) be the operators dehned by (12.41) . and 
denote by Ej(k,b\), Ej(k,b 2 ) their associated j-th eigenvalues. The inequality (13.81) implies 
that for all k € R 

h(k,bi) < h(b 2 (bf 1 (k)),b 2 ), (3.9) 

and from the min-max principle we obtain that for all k G R, and all j € N 

Ej(k,bi) < Ej(b 2 (bf 1 {k)),b 2 ). (3.10) 


Now, since lim sup a ,_ > ,_ 00 B{x) < B + , there exists a real number /3 and a non-decreasing 
smooth function Bp such that 


Bp(x) = 


lim sup x _ > ._ 00 B(x) Ax < (3 

B + if x > f3 + 1, 


and B{x) < Bp(x) a.e. in R. From the proof of [21, Theorem 3.2] we know that Bp non¬ 
decreasing implies that Ej(k,bp ) is a non-decreasing function as well. Since Ej(-,bp ) is also 
analytic, () 2.5 1) implies that Ej(k,bp) < £+ for all k € R. Using (I3.10P we obtain that Ej(k) < 
£+ 

To prove the second assertion of the Lemma, just note that Ej(-,bp ) satisfies the required 
condition and use (I3.10P again. □ 


Using the Weyl inequalities (13.11) together with (13.51) and (13.71) . and together with Lemma 
EH it can be easily seen that for any r € (0,1) 

n + (l + r;U 1 /2 T .( A)A )yi/2 ) + 0(1) < „_( 1; V^Hq - £+ - A)- 1 ^ 1 / 2 ) 

< n+(l-r;U 1 / 2 T j (A,7l)U 1 / 2 ) + 0(1), ’ 

as A | 0. 

Next, let hoo(k) be the shifted harmonic oscillator 

hoo(k) := -^2 + ( B + x - B+b^ih)) 2 , 

self-adjoint in L 2 (R), for k € R. The spectrum of h OQ (k ) coincide with the set of Landau levels 
{B + (2j — 1) = £j~}j£i- Let v Tj )00 {k) be the orthogonal projection of h^^k) corresponding to 
the eigenvalue ££, which can be described explicitly by 

^j, 00 (h) = |^ I oo(-,A:))(^- 0O (.,fc)|, (3-12) 
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where ^>j tOQ (x,k) = B+ 4 (pj(B+ 2 x — B+ 2 b 1 (k)) (<pj defined in (12.61) 1. 

For A > 0 and A € [— 00 , 00 ), set 

T j> 00 (X,A) := F* r (£+ - Ej(k) + \)- l K j}00 (k)dkF. (3.13) 

Ha, 00) 

Our next goal is to replace Tj(X,A) by Tj j 00 (X,A) in inequality (13.111) . 

Theorem 3.2. For any j G N 

W-Kjjk) - TT j)00 (k)\\ = 
fc->oo (£f — Ej(k )) 1 / 2 

The proof of this Theorem follows from the next two lemmas. 

Lemma 3.3. Define A k := h(k )~ 1 — h 00 (k)~ 1 . Then A k > 0 and 

lim ||Afc|| = 0 . (3.14) 

k—> oo 

Proof. To see that A^ > 0, use (12.11) b) and (13.91) . To prove (|3.14l) we introduce the unitary 
operators U k : L 2 (M) — > L 2 (M) defined for any k € K by 

( U k f)(x ) = f(x + 6 _1 ( fc ))> 

and set 

d 2 

h(k ) := U k h{k)U* k = -—* + (b(x + b~\k)) - kf 

dx z 

and 

^00 := = -^2 + ( 5 + a; ) 2 - 

Instead of (13.141) we will prove the equivalent statement lim^oo ||/i(fc ) _1 — 11 = 0. 

Put c4(x) := hoo — h(k ) = (i?_|_a :) 2 — ( 6 (x + fe - 1 (fc)) — A;) 2 . Using two times the resolvent 
identity we get 

h(k)~ l - h- 1 = h^dkh- 1 + ^(k) -1 d k hfi^d k h^ . (3.15) 

We need to prove first that h^d k hf^ converges to zero in norm as k —> 00 . 

Note that 


I4(®)| = 

B + x + (6(x + 6 1 (k)) — 

fc)| \B + x — (b(x + b 1 (k)) 


pb —1 (k)-\-x 

rb~ 1 (k)-\-x 

= 

/ i? + + B(t) dt 

/ B + — B(t) dt 


Jb~ 1 (k) 

n.\ , _ 

Jfe-i(fe) 


(3.16) 


< 2B+\x\ 


•b 1 (k) 


B + — B(t) dt 


Then, since lim^oo B{x) = B + , and from (12.21) b 1 (k) —» 00 for k —> 00 , the function |c4(x)| 
converges pointwise to zero when k —> 00 . 
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Denote by D(h(k )), D(h 0 Q ) the domains of h(k) and hoo , respectively. Using (Id.81) . £>_ < 
-B(x) < B + implies that 

(B_x) 2 < (b(x + b^ 1 (k)) — kfj 2 < ( B + x) 2 , for all x G M. (3-17) 

Then the domains are equal and coincide with the domain of the harmonic oscillator, i.e., 
D(h(k )) = D(hoo) = D(—d 2 /dx 2 ) n D(x 2 ) |Kj} Theorem 1], 

Let / G L 2 (M). Since hf^f € D(x 2 ), for any e > 0 one can find N > 0 (independent of k) 
such that 


j \(b(x + b 1 {k)) - k) 2 (hjf)(x)\ 2 dx < J \{B + xf{hJ f)(x)\ 2 dx < e. 

|z|>iV |a;|>W 


Further, h^f is also continuous, then 



dk(x)(hjf)(x) 


2 

dx < sup 

xe[-N,N] 




, r N 
J-N 


\d k (x)\ 2 dx. 


(3.18) 


(3.19) 


Using (13.181) . (13.191) and (13.161) we can conclude that dkh converges strongly to zero as 
k —>• oo. Consequently, the family dkhffi is uniformly bounded with respect to k, and since 
h is compact we get \\hf^dkhf^\\ —> 0 for k —>• oo. 

To finish the proof of the Lemma it only remains to show that for all G € D{h{k )) = D(h 0Q ), 
\\h(k)~ 1 dkG\\ L 2 ^ < C'||G|| L 2 ( ]K ), for some constant C independent of k and G. 

From |10l Theorem 1] we know that for any g G D{h{k )) 

\\\{K X + b~ X {k)) - k) 2 g\\ 2 L2{R) < \\h(k)g\\ 2 L2{R y (3.20) 

Then for / in L 2 (M), if g = h(k)~ 1 f in (13.201) 

\\\{H X + b^ik)) - kfhik)- 1 f\\ 2 L 2 {WL) < ||/||i 2 (R) . 

Besides, using (13.171) we get ||(i? + x) 2 h(A:)^ 1 /||^ 2 ^ < 2B\/B 2 l ||/|| 2 2 ^, which implies the 
existence of a uniform bound for dkh(k)~ 1 , from where we can easily get the needed result for 
h(k)~ 1 dk- □ 

Lemma 3.4. Let be defined as in Lemma \S. HA For all j G N: 

1. There exist a constant Cj such that for all k big enough 


m- 


2. It is satisfied the asymptotic formula 

£j~ ~ Ej(k ) = £A 2 \\Trj j 00 (k)A k TTj t 00 (k)\\(l + o(l)), k ->• oo. (3.21) 
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Proof. The proof of this Lemma uses Lemma 13.31 repeating almost word by word the proof of 
Propositions 3.6 and 3.7 in a- □ 


Putting together Lemmas 13.1113.31 and 13.41 


MAO-^ooWII < Cj ||Afc 


(EjW-s+y/* ~st 


1/2 
k n 3,°° 


3 ll A ,h 


we can proof Theorem 13.21 iust by noticing that 
(1 + o(l)) < — A ||Afc|| 1//2 (l + o(l)), k —> oo. 

t 3 


Proposition 3.5. For all A £ [—oo, oo), r € K, 5 £ (0,1) and j € N 


n+(r(l + 5); V l ! 2 T ji00 { A, A)V 1 / 2 ) + 0(1) 

< n+faV^Tj^Ayv 1 / 2 ) (3.22) 

< n + (r(l- ( f);P 1 / 2 Tj . oo (A,yl)pi/ 2 ) + 0(1)) A | 0. 

Proof. First note that n + (r;V 1 ^ 2 Tj(X, A^ 1 / 2 ) = n^r 1 / 2 ; V 1 ^ 2 Tj(X, A) 1 / 2 ). By Lemma f3.ll 
for any A £ {A, oo) 


nyr-V^iT^A ) 1 / 2 - Tj( A,!) 1 / 2 )) = 0(1) 

n*(r; V 1 / 2 {T ji 00 (X, A ) 1 / 2 - T jt 00 (X, A) 1 / 2 )) = 0(1), A j 0, 


since both Tj(X, A ) 1 / 2 — Tj (A, A ) 1 / 2 and T ] 00 (X. A ) 1 / 2 — T J OO (X. A ) 1 ! 2 have a limit in the norm 
sense when A f 0. Thanks to Theorem 13.21 it is possible to choose A big enough such that 

n*(r; V 1 ^ 2 (Tj(X, A ) 1 ' 2 - T jj 0 O (A, A) 1 / 2 )) = 0. 

Using the Ky-Fan inequalities (13.211 we get (I3.22P (see Proposition 3.1 and Theorem 3.2 in 
[3] for a detailed proof of a similar result). □ 


Now we are ready to finish the proof of Theorem 12.11 Putting together (13.41) . (I3.11|) and 
(|3.22|) . we obtain that for any A £ [—oo, oo) and <5 £ (0,1) 

n + ((l + 5); V l / 2 T h00 { A, A)V^ 2 ) + 0(1) 

< Mj{ A)< n+((l-<5);U 1 /2 r . oo (A ; Al)yi/2) + o(l), A J. 0. ’ 

For A £ [—oo, oo) define 

P 3 ,oo{A) :=E* / 7 r jt00 (k)dkF, 

J (A,oo) 

then, setting A = —oo we obtain that for any r > 0 

n + (r;U 1 /2 T . oo( A,_oo)U 1 /2) 

= n + (r;T ji00 (A,-oo) 1 / 2 UT ;i00 (A,-oo) 1 / 2 ) (3.24) 

= n_|_(r; (£+ - Ej(-) + A)" 1 / 2 FP j: ^{-oo^Pj, ^(-oo) E*(£+ - Ej(-) + A)" 1 / 2 ). 

Let U : L 2 (R) —> FPj j00 (—oo)E* (L 2 (M 2 )), defined by (Ug)(x,k) = g{k)ipj{B l t- 2 x — 
Bt 2 b^ 1 (k)). The operator U is unitary and 

U*J r P j ,oo(-oo)VP j)00 (-oo)F*U = V 3 , (3.25) 

U*(£+ - E 3 (.) + A )~ l U = (£+ - Ej (•) + A)" 1 . 

Use (13.2311 . (13.2411 and (|3.25p together with the Birman-Schwinger principle to get (12.1011 . 
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3.2 Proof of Corollary 12.21 


From inequality (13.231) . we see that to prove this corollary it is enough to show that for some 
A £ [oo, oo) and r £ (0,1) 

n + (r 2 ;V 1 /% 00 (A,A)V 1 / 2 ) = n*(r;T j!00 (A,A) 1 / 2 V 1 / 2 ) = 0(l), A 10. (3.26) 

The Chebyshev-type estimate (13.31) . with p = 2 , states that 


n^r-Tj^Af^V 1 / 2 ) < r~ 2 \\T j)00 {\ Af^V 1 ' 2 ^ 

1 poo P 

/ (£+ - Ej(k) + A)” 1 V’j,oo(s, k) 2 V(x,y) dxdydk, 


27rr 2 


(3.27) 


where we have used (13.131) and (13.121) . Here and in the sequel we will assume without loss of 
generality that x + = 0. Indeed, for x + finite, this follows from a translation along the x-axis 
and using the gauge invariance of H. If x + is infinite, thanks to ( 13.8|) - (13.9I) we may replace 
B by a function B such that B(x ) > B(x ) and that the number x~ := inf{x £ K; B{t ) = 
B + for almost all t in(x,oo)} is equal to zero, and then use (13.101) in (13.301) below. 

Put X + := sup{x £ R; for some y £ R, (x,y) £ esssuppP}. Take x such that X + < x < 
0 = x+, and define the step function 


Tjr , , (b(x) 2 — (B + x) 2 forx<x 

W(x) := < n f ^ ~ 

[ 0 lor x > x. 

(3.28) 

Setting h 11 ( k ) as the operator given by 


d 2 

-^2 + ( B + X - B + h ~\ k )f + ^(*), 


self-adjoint in L 2 (R), it is not difficult to see that for k > 0 


h(k) < h w (k). 

(3.29) 

The spectrum of h w (k) is discrete and simple. Denote by {EA (k)}j? =1 the increasing sequence 
of eigenvalues of (k). Ineaualitv (13.291) imolies that 

Ej(k) < EY(k), 

(3.30) 

and then (£+ — Ej(k) + A ) -1 < {£f — (k) + A )" 1 for all j £ N, 

k > 0 and A > 0. 


By Proposition 4.2 of [3], we know that there exists a positive constant Cj such that for all 
k big enough 

Sf - Ef{k ) > CjiB+b-^k^^e-^^ 1 ^-^ 2 . 


Then for A > 0 large, for any A > 0 


poo r 

/ / (<? ? + - Ej(k) + X)~ 1 'i/jj ! o 0 (x,k) 2 V(x 1 y) dxdydk 

Ja Jr 2 

< } f [ fc 3 - 2 J e 2 ^-5) e s+(5 2 -® 2 ) Hj .(s+ / 2 x- k/B 1 J 2 ) 2 V{x,y)dydxdk, 

B+ Cj J a Jr 2 
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where we have used that b 1 (k) = k/B + for k > 0, due to x + = 0. The last integral can be 
decomposed into a finite sum of terms of the form 


POO P 

C l)n e B +/ / k l x n e 2k ^ x -^e- B + x2 V(x,y)dydxdk 

J A J R 2 

r ro o r X+ 


< 


V(x,y)dy 


poo pax 1 

\Ci, n \e B +* 2 / k l e 2k(x+ ~^dk / | x\ n e~ B+x2 dx, 

J A J—oo 


for some constants Ci n , and integers l, n. Each one of this terms is finite because of our choice 
of x. 


3.3 Proof of Corollary 12.31 

Let us first show how to obtain the upper bound in (12.151) . As in the proof of Corollary 12.21 
take the function W defined in (13.281) . and for A £ [— 00 , 00 ), A > 0 set 


T^(A,A) : =F * ^ {£+-EY{k)+X)-\ j , 00 {k)dkF. 

J{A,oo) 

From ([3.301) . Tj : 00 (X,A ) < Tj^ ! 0 (X,A), thus (13.231) implies that for all A £ [— 00 , 00 ) and 

r £ ( 0 , 1 ) 

Afj(X)<n + (l-r ] V 1 / 2 T] v 00 (X,A)V 1 / 2 ) + 0(l), A f 0. (3.31) 

The asymptotic behavior of the function n + (l — r; V 1 ^ 2 Tj^ )0 (X, A)V 1 / 2 ) was studied in [3] 
where it is shown that (Theorems 5.1 and 6.1) 


lim sup 
A|0 


n+a-r^r^A,^!/ 2 ) 


In A I 1 / 2 




(3.32) 


Putting together ([3.311) and (13.321) we get the upper bound in (|2.15l) . 

For the lower bound consider the operators h x (k) := —d?/dx 2 + (B+x — k) 2 and h x (k) := 
—d 2 /dx 2 + ( B-x — k) 2 defined in L 2 (R+) and L 2 (R_), respectively, both with a Neumann 
boundary condition at zero. From the monotonicity property with respect to the Neumann 
conditions, and from (13.8j) we obtain that 

h{k)>h x {k)®h x {k) (3.33) 

(recall that x + = 0, which implies that b(x) = B + x for x > 0). The operators h±(k) have 
discrete and simple spectrum for any k £ R. Denoting by {£'j v± (A:)}^L 1 their increasing 
sequences of eigenvalues, and using that 

lim E x ~(k) = 00 , lim E x+ (k) = £+, 

h—yoo k—>00 J J 

(see e.g. 031), we can conclude from ([3.331) that for any j £ N there exists a constant Kj such 
that 

E 3 {k) > E x+ (k), for k> Kj. (3.34) 
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Set 


Tj,oo(^,A) := T* / 

J(A, oo) 


(£+ - + (A;) + A)- 1 7T,- 00 (fc) dkT. 

Inequality (I .‘1.2. 'll) along with (|3.34p imply that for anv r G 10. ll and A > Kj 

AG(A)>n + (l + r;F 1 / 2 T^ 00 (A,A)y 1 / 2 ) + 0 (1) , A10. (3.35) 

Besides, it is shown in [26] that for some positive constant Cj 

Sf - Ef + {k) = C j k 2j - 1 e-^ /B+ ( 1 + o(l)), k ^ oo. 

Then, we can repeat the proofs of Proposition 3.7 and Corollary 3.9 in [?j in order to obtain 


n + (l + r;C 1 / 2 r j i v 0 O (A,7l)I/ 1 / 2 ) 

| ln(A )! 1 / 2 

The inequalities (1 3.35 [) . (|3.36l) imply the lower bound in (12.151) . 


lim inf 

A|0 


>C_. 


(3.36) 


3.4 Proof of Corollary 12.41 Upper bound 

The starting point of this proof is, as for Corollaries 12.2112.31 the inequalities 13.231 We will 
denote the operator Tj j0 0 (A, —oo) simply by Tj j 0 O (A), and Pj tQ c (—oo) by Pj.oo- Also from now 
on, without any lost of generality, we will take s = 0 for the function (|2.17l) . That means, we 
will prove ( 12 . 211 ) for 2V(A, V, 0) (see Remark ii after Corollary 12 .4j) . 

Let e > 0 and take a smooth function y £ with bounded derivatives such that 0 < y £ (x) < 1 
for all x € K, Xe( x ) = 0 for x < —2s and y £ (x) = 1 for x > —£. Define 

V e (x,£) := Xs(x)V(x,£). 

The Weyl’s inequalities say that for any r > 0, 5 G (0,1), and A > 0 

n+(r; T)-, 00 (A) 1 / 2 UTj j 00 (A) 1 / 2 ) < n+(r(l - 6); T jj00 (A) 2 / 2 U £ T Ji00 (A) 1 / 2 ) 

+ n + (r5;T :? - 00 (A) 1 /2(y _ V e )T jt00 ( A) 1 / 2 ). 

The function V — V £ is equal to zero for x > —e. Arguing as in the proof of Corollary 12.21 we 
can see that for any r > 0 

n+(r; ^(A) 1 / 2 ^-^)^,^(A) 1 / 2 ) =n*(^;T,- 00 (A) 1 / 2 (U-U £ ) 1 / 2 ) = 0(1), A j 0. (3.39) 

Now, since Ej(k ) < £+, T) j 0 O (A) < A _ 1 Pj i00 , thus the min-max principle implies that for all 
r > 0 and A > 0 


(3.37) 

(3.38) 


n + (r;U 00 (A) 1 / 2 U £ T,- 00 (A) 1 / 2 ) < n + {r\-P j)00 V £ P j)00 ). 


(3.40) 


Next, let us introduce a class of symbols suitable for our purposes. For (x,£) G M 2 consider 
the quadratic form in M 2 

9x,z(v,ri) = \y\ 2 + j^yi 
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and for p, q £ M, define the weight w := (x) p (x,^) q . Then, according to [T71 Definition 18.4.6], 
consider the class of symbols Sp := S(w,g). A symbol a is in Sp if for any (a, (3) € Z+, the 
quantity 

n a fl(°) := SU P \( x )- p { x ,0~ q+ad t d x a ( x ,0\ (3-41) 

(®,0eR 2 


is finite. 

For a € Sp we define the operator Op^ (a) according to the Weyl quantization 


( Op w (a)u)(x ) e^^uiy) dy <%, 


for u in the Schwartz space <S(M). 

Since V satisfies (12.161) it is obvious that V £ is in S^ m . Moreover, using (12.11) b), it is also 
true that the function 

V e (x,0 -.= V £ (b-\x),-i) 

belongs to Sff m . Due to m > 0, the operator Op w (V e ) is compact in L 2 (M). 

Using the same notation of Theorem 12.11 write V £ j for the pseudodifferential operator with 
contravariant symbol V £ defined by (12.81) . 

Lemma 3.6. For any e > 0 and j € N 

V £J - Op w (V £ ) = Op w (R 1 ) + Op w (R 2 ), (3.42) 

where the symbol R\ € and R 2 € SZ™ ■ 

Proof. We give a sketch of the proof which is based on the proof of m Lemma 5.1]. Suppose 
that V is in the Schwartz space 5(K 2 ). Then, from (|2.8|) the Weyl symbol py of V £ j is given 
by 

Pv(v,V*) = ZZ~ [ e ~ lWV *^j-,x^(r] + w/2)^j.x^(ri-w/2)V £ (x,f,) dxdf,dw, 

being defined in (12.71) . We use a first order Taylor expansion of V £ , noticing that d{V £ = 
{diV)xe + V(diXe), d 2 V e = {d 2 V)xe- Because of ( | 2.16|) , (d\V)xe, ( d 2 V)xe € S , 0 ‘ m “ 1 . On the 
other side, the partial derivative d\Xe has compact support which implies that V{d\Xe) € SZp 1 
for any p > 0, in particular for p = m. Now we use the same estimates given in the proof 
of |36l Lemma 5.1] to conclude that V £ is a principal symbol for V £ j, and that the remainder 
terms, coming from the Taylor expansion, satisfy the required conditions. □ 

For a measurable function a : R 2 —>• define 

N(X,a ) := — vol{(x,£) € M 2 ;a(x,£) > A}. 

27T 

Lemma 13.61 together with [6j Lemma 4.7] imply that there exists a positive Ao such that 
n + (X;Op w (R 1 )) = 0(N( A, (x^)-” 1 " 1 )) = 0( X~&), 
n+(X; Op w (R 2 )) = O(lV(A,(x,0- m (x)- m )) = 0(X~^), 


16 









for A E [0, Aq] • Then, (I3.42P and the Weyl inequalities imply that for all 5 € (0,1) 


n + (X;V etj )<n + ((l-8)X-Op w (V e )) + o(X- 2 / m ), A10. (3.43) 

Putting together (13.23|) . (13.381) . (|3.39l) . (13.401) . (13.251) and (13.431) we obtain that for all S E (0,1) 
■A/} (A) < n + ((l — 5)A; Op w (V £ )) + o(A _2 / m ), A | 0. (3.44) 

Lemma 3.7. For any e > 0 the function N(X,V £ ) satisfies the homogeneity condition (12.19[) 
Proof. Note that 

27r|iV((1 — e)A, V £ ) — 1V((1 + e)A, V £ )\ 

= vol{(x ,£) E M 2 ; (1 + e)A > Xe{b~ 1 {x))V(b~ 1 (x), —£) > (1 - e)A} 

= vol{(x,f) E M 2 ; (1 + e)A > V(h~ 1 (x ), — tf) > (1 — e)A, b~ 1 (x) > —e} 

+vol{(x,f ) E M 2 ; (1 + e)A > x £ (6 _ 1 (x))14(6 _ 1 (x), —£) > (1 - e)A, — 2e < b~ 1 (x) < —e} 

< f B(x') dx'df 

•V{(^ , ^')GR 2 ;(l+e)A>V( 3 : , ^')>(l-e)A,x'>-£} 

+ vol{(x,£,) E M 2 ; Co,o ( 6 (x) _1 ,£) _m > (1 — e)A, — 2e < b~ 1 (x) < —e} 

< B + (N((1 - e)A, V, -e) - JV((1 + e)A, V, -e)) + 0(A~ 1/m ), 


where in the first inequality we have used the change of variables b~ 1 (x ) = x ', — £ = that 
14 satisfies (|2.16l) and that 0 < % e < 1. Since JV(A, V, —e) fulfils (|2.19l) we obtain the required 
result. □ 


Lemma 3.8. For any e > 0, N(X,V e ) satisfies condition (12.181) . Moreover 


lim 

A|0 


B + N(X,V , 0) 
N( X,V £ ) 


= 1. 


(3.45) 


Proof. First let us show that 


i. m N fi v f 

A 40 N(X, V, 0) 


= 1 . 


(3.46) 


To see this we estimate |1V(A,14) — JV(A, V, 0)|, noticing that {(x,£) E M 2 ; V e (x,£) > X} and 
{(x,£) E M 2 ; 14(x,£) > A, x > 0} differ in a set contained in 


{(x, £) E M 2 ; V e (x ,£) > A, — 2e < x < 0}. 


Then in view of V £ £ S 0 m 


\N(X,V e ) - N(X,V,0)\ =0(A” 1 / m ). 


Using that N( A, 14,0) satisfies property (12.18jl we obtain (|3.46l) . 
Now let us prove that 


lim 4y.) 
iio B + N(\,V e ) 


= 1. 


(3.47) 
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Similarly to the proof of Lemma 13.71 we have 


2tt\B+N (X, V £ ) — N(X, V e )\ = / B+-B(x)dxd£ 

J {(?,&,Ve( X ,0> X} , . * 

A -!/m (3.48) 

< CX~ 1/m (x)~ M dx = o(X~ 2/m ), A | 0. 

J -1 


' —2e 


Where we have used (I2.20|) and ()2.16l) . and C is a positive constant independent of A. Taking 
into account (13.4611 along with (12.1811 . we obtain (|3.47l) . 

Putting together (|3.46|1 and (13.4711 we get (13.4511 . □ 

Since JV(A, V e ) satisfies (12.181) and (|2.19l) . it follows that it also satisfies condition (T ; ) of [6]. 
Then [6) Theorem 1.3] says that 


lim sup 
AJ.0 


n + {{l-5)\-Op w jV e )) 

N((l-8)\V e ) 


= 1 , 


and therefore (j3.44f) . (|3.45l) imply that for all 5 G (0,1) 


(3.49) 


To finish the proof of the upper bound in (12.211) it only remains to note that conditions 
(12.18(1 . (12.1911 imply that 


lim lim sup 

41° A4.0 


N ((1 — 8)X, V, 0) 
N(X,V,0) 


= 1. 


3.5 Proof of Corollary 12.41 Lower bound 

Condition (12.2011 implies that there exits a smooth function B such that B{x) > B(x) > f?_ 
for all x G R, and B + — B(x) = C(x)~ M , for some positive constant C and all x sufficiently 
big. Using B to define b according to (11.21) . we see that (13.101) implies 

(£+ - Ej(k ) + A )" 1 > (sf - U i ( 6 ( 6 ~ 1 (A:)), 6 ) + a )” 1 , for all k G R, (3.50) 
where Ej(k,b ) is defined as in Lemma 13.11 

Since B + — B is strictly decreasing for x large, the function £+ — Ej((b(b~ 1 (k), b) is strictly 
decreasing for k big m Theorem 3.2], We denote by pj its inverse, which is defined at least 
in an interval of the form ( 0 , 7 ), 7 > 0. It is obvious that lim ?JJ |o Pj( w ) = Moreover, from 
Lemma 4.8 in [3B], we know that ( 12.2011 implies that £f — Ej(b(b~ 1 (k),b ) = 0{k ~ M ), k —>• 00 , 
and then 

Pj(w) = 0(w~ 1 ^ M ), w 0. (3.51) 

For j G N, 5 G (0,1) and A > 0 set g = g( A) := pj(5X). Then (I3.50P implies that 

{£+-Ej{k) + X)~ l > ((1 + $)A) _1 , for all/c > q(X). (3.52) 
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Therefore, for all r > 0 and 5 G (0,1) 


n + (r; V^T^^V 1 / 2 ) > n + (r; V £ /2 T jiOQ (\)V £ 1/2 ) 

> n + (r; V} ,2 T jt00 ( A, p)I4 V2 ) > n+ (r(l + <5)A; V? /2 P jj00 (e)V} /2 ) . 3 ' 53 

In the first and the second inequality we have used the min-max principle, while for the third 
inequality we used (13.521) . 

Next, using the Weyl inequalities, for any A > 0 and <5 G (0,1) 


n + (A;K 1/2 Pj,oo(e)V £ 1/2 ) 

> n + (A(l + (5); V^ 2 Pj j00 V^ 2 ) 


n + (A 5-,V e 1/2 (Pj,oo-P j ,oo 



(3.54) 


1 /2 1 /2 

The term n_|_(A; 14 ' Pj,ocVs ; ) = ^+(A; Pj,ooV £ Pj,oo) = n+(r; V £J ) was already obtained in 
(13.40p . and its asymptotic behavior can be estimated as in subsection 13.41 
For the second term in (13.541) we have that (13.251) implies 


n + (\-X'\P^-P h M)v}/ 2 ) 

= n+(\- T TT jt00 (k) dkPV £ P* r 7T jt00 (k)dk) (3.55) 

\ J(-oo,e] J(-oo,g] J 

n + i^^^-{—oo,Q]PPj,ocMePj,ooP H(—oo,£>]) (A, H(— oo,g]^£,j^-(— oo,£>]) • 

Let Xx( x ) := Xe (—x + pj(SX)) = Xe(~ x + f?(A), the same Xe of the preceding subsection. 
Then xa is a smooth function with bounded derivatives such that 0 < xa < 1, Xx( x ) = 0 f° r 
x > g( A) + 2e and Xx( x ) = 1 for x < g(X) + e. It is important to note that for all positive A, 
e, and 5 G (0,1), Xa € S(j and its semi-norms ^’^(xa) (defined by (13.411) ') are independent of 
6 and A for all (a, f3) G Z^_. Indeed, 


o,o , x 

= 


I lx. 


08 ) 11 
£ II L° 


; a > 0 
; a = 0 . 


Write as before Op ' 1 (14) for the Pseudo-differential operator with Weyl symbol 14- Then, 
since for all A > 0, XAl(-oo, e (A)] = a (-oo,e(A)]> we have that 


l(-oo, 0 ]L’e,jll(-oo,e] = l(-oo,e]L ) P W/ (L r E )l(-oo,e] +L(-oo,e] (L’ej ~ Op 11 04)) l(_oo, e ] 


,W( 


l(-oo,d (Op w (V £ )Op w (x a)) 1(-oo, c ] + l(-oo )tf ] (v e j - Op w (V e )) t h00!e] . 


(3.56) 


The symbol 14 G <S 0 m and xa G Sq, then it is well known that [T2 Theorem 18.5.4] 

Op w (V £ )Op w (x a) = Op w (V £ x a) + Op w (R\), (3.57) 

where 7? a € and each one of its semi-norms n°’4 m X (7 ?a) is polynomially bounded by 

a finite number of semi-norms of 14 and xa i n <So" m and ^o> respectively. Since the semi-norms 
of xa are independent of A, 0 Lemma 4.7] implies that there exists a positive constants Ao 
such that 

n + {\;Op w (Rx)) = 0(A~ 2 /( m+1 )), for A G (0,A 0 ]. (3.58) 
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Lemma 3.9. For every e > 0 


n + (\- 1 Op w ( V eX x )) 

um - 7—71 - 

A4.0 A- 2 / m 


= 0 . 


Proof. By [6j Proposition 4.1], there are positive constants C\ and f such that 

n+(A; Op w ( V £X a)) < N ( A, V eX x ) + C A ( 3 . 59 ) 

The constant C\ depends polynomially on a finite number of semi-norms of the symbol V eX \, 
but from composition of symbols each one of the semi-norms of V £ x\ is polynomially bounded 
by a finite number of semi-norms of V in Sf m and xa i n Sq. Consequently, the constant C\ 
can be taken independent of A. 

The proof of (|3.59l) that appears in [6] is for symbols that do not depend on A. However, it 
works as well in our case just introducing minor changes. 

Now, since (V £ x\)(x,f) = V{b~ l (x), ~C>Xe{b~ l {x))x\{x), where the support of Xeib' 1 (x))x\(x) 
is contained on the strip {(a:,£) € M 2 ;6(—2 e) < x < g( A) + 2e}, and V is in the set 

{(x,£) € K 2 ; V £ x\(x, > A} is contained in 

{(a;,£) G M 2 ; (6 _1 (x),^) _m > A, b(—2s) <x< g( A) + 2e}. 


Then, 

N( A, Kxa) = 0(A" 1 /” 1 ((g( A) + 2e) - b(-2e))). (3.60) 

Putting together (13.59j) . (13.6011 and (13.5111 (recalling that M > m), we finish the proof of the 
Lemma. □ 


Gathering (13.5611 , Lemma 13.61 (13.5711 , (13.581) and Lemma 13.91 we obtain 


n + _ Q 

A|0 A -2 /" 1 ’ 

thus, for all <5 € (0,1) (13. 2311 . (13.5311 . (13. 5411 . (13.55jl . (I3.61H and Lemma [3781 imply 


(3.61) 


XW > n±Wl+i)iOp^(U)) 

mT B + N( A(1 + 5), V, 0) a;o 


lim inf 


N ( X (1 + S ), V £ ) 

Finally, arguing as in the last part of subsection 13.41 we can obtain the lower bound in (|2.2ip . 
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